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We reexamine the problem of the “Loschmidt echo,” that measures the sensitivity to perturbation of
guantum-chaotic dynamics. The overlap squaved) of two wave packets evolving under slightly different
Hamiltonian is shown to have the double-exponential initial decayp(—constank e?*o") in the main part of
the phase space. The coefficiantis the self-averaging Lyapunov exponent. The average dla_fbag‘”l‘ is
single exponential with a different coefficiexi. The volume of phase space that contributeMtganishes in
the classical limita—0 for times less than the Ehrenfest timg= %)\alﬂn #i|. It is only after the Ehrenfest
time that the average decay is representative for a typical initial condition.
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Chaos in classical mechanics is characterized by an expo- p2 hd
nential sensitivity to initial conditions: The separation of two H= > +KcosxY, 8(t—n), p= T ax 2
n

trajectories that are initially close together increases in time
«eM with a rate given by the Lyapunov exponéntThere is I . .
A i The perturbed Hamiltoniahl’=H+ §H is obtained by the
no such sensitivity in quantum mechanics because the OVel o cementk K + sK. The coordinatex is periodic. x
lap of two wave functions is time independent. This elemen-:)'er2 To work with.a finite-dimensional Hpilbert s'ace
tary observation is at the origin of a large literatreviewed v_ve dis:r.etizex —2mkIN. k=12 N. The momenF[)um '
in a textbook[1]) on quantum characterizations of chaotic ) k= eI, RS
: pm=m~ is a multiple of#, to ensure single-valued wave-
dynamics. functions. Forh =t eq—2m/N the restriction to the first Bril
One particularly fruitful line of research goes back to thelun.C lons. Fom = ItEﬁ_' m/Nne lres tr)lc lon _02 € /IIr\lS -
proposal of Schack and Cavigd, motivated by earlier work Sli'g zone r_:_asu t's in a | stl_ng e_iHn?QgrD_n Zm » M
of Pereq 3], to characterize chaos by the sensitivity to per-— <"~ N. The time evolutiore =1 aftern peri-

; ; ds, of the initial Gaussian wave packet),
turbations. Indeed, if one and the same sigjesvolves un- oas, 1 o k
der the action of two different Hamiltoniansl and H llzex_p(T'N 1[2|m0k—(k—_k0)2]), is given by the Floguet
+ 8H, then the overlap operator in thex-representation:

. B 1 im(k'—k)> NK 27k
M (1) = [( | /(H+ oMU HUR )2 @ U R e VIR P VIS A

is not constrained by unitarity. Jalabert and Pasta#dki we use the fast Fourier transform algorithm to compufe
discovered thatM(t) (which they referred to as the for N up to 16 [6].

“Loschmidt echo”) decaysxe M if i, is a narrow wave
packet in a chaotic region of phase space, providing an ap- 10°
pealing connection between classical and quantum chaos.
The discovery of Jalabert and Pastawski gave a new im-
petus[5] to what Schack and Caves called “hypersensitivity

107
102
10

to perturbations” of quantum-chaotic dynamics. The present =

paper differs from this body of literature in that we consider = 10
the statisticsof M(t) as ¢, varies over the chaotic phase 10
space. We find that the average dedaft)<e ' is due to 10°
regions of phase space that become vanishingly small in the 107

classical limitz.4—0. (The effective Planck constafity;
=hlS, is set by the inverse of a typical actid®.) The
dominant decay is alouble exponential xexp(—constant FIG. 1. The overlagM att=n for the quantum kicked rotator
xe”M), so it is truly hypersensitive. The slower single- tor three different ways of averagin®® M, ¢ expinM), ®
exponential decay is recovered at the Ehrenfest tifge gy exfin(—InM)]). We took K=10, sK=1.6x10"3 N

= %)\71||nheﬁ|- =10°. Averages are taken over 2000 random initial conditions of a

Before presenting our analytical theory, we show in Fig. 1Gaussian wave packet. The dotted line shows the Lyapunov decay
the data from a numerical simulation that illustrates the hy-e~"1 with \;=1.1. Atn=3, we have only an upper bound for

persensitivity mentioned above. The Hamiltonian is thethe logarithmic averages because cancellations in the calculation
guantum kicked rotatorl] limit the accuracy.
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We study the statistics df1(t) by comparing in Fig. 1
three different ways of averaging over initial positions
(mg,kq) of the Gaussian wave packet. We uséd 10, 6K
=1.6x10 3, andN=1CF (% .4=6.28< 10 ). While the av-

erageM decays exponentially, the two logarithmic averages
have a much more rapid initial decay. We estimate tiat
<10 2 atn=3 for about 30% of randomly chosen initial
conditions. For the same point=3, only 9% of initial con-
ditions (corresponding tdM >0.2) account for 80% of the

total value of M. The typical decay oM(t) is therefore FIG. 2. Schematic illustration of two perturbed wave packets in
rﬂuch more rapid than the exponential decay of the averagghase space far< 7.
M.

Statistical fluctuations also affect the decay ratév/ofet Depending on the strength of perturbation, one may dis-
by the Lyapunov exponent according to Ref]. The defini-  tinguish three main regimes$K <7, <K<\, and 6K
tion of the Lyapunov exponent > k. We will consider in detail the intermediate regirfie

) . < 8K </ and discuss the two other regimes more briefly at
No=lim_..t™*In[ox(1)/ 5x(0)] the end of the papefThe simulations of Fig. 1 are at the

upper end of the intermediate regime, sinéK=1.6
%102 and VA=2.5x10"%.) The three regimes may be
characterized by the relative magnitude of the Ehrenfest time
¢ and the perturbation dependent time scalg

gives A o= 1.65 for the classical kicked rotator with=10.
However,M (t) in Fig. 1 has exponemnt;=1.1, defined by

= — lim(it)" 1 =J . . .
Aj tlm(lt) Inf 8x(t)/ ox(0)| . (4) =N "YIn&K|. In the intermediate regime, one hgsg
<7'0< TE .
Since fluctuations of ~In|ox(t)/5x(0)| decrease like~ Y2 To estimate the relative magnitude of the two terms in the
the Lyapunov exponent, is self-averagind7], while the ~ €xponent of Eq(6), we write
Aj's are not. — — 1/
For an analytical description, we start from the Gaussian op— Box=(1+p%)""A, =15K, @)
one-dimensional wave packet _
o eZ)\t
a |\ PoX (X—Xg)? — ;=Q= Moo 2 ®
I el LA S Sl Lo a’+46B 1+ (ge?'sK)
#(X) Trﬁ) exr<| - +(iB—«a) 57 . 5

Here,f andg are functions of the order of unity of tinteand

The wave packet is centered at the poipft),po(t) which  the initial locationx; ,p; of the wave packet. The second term
moves along a classical trajectory. Initiallg(t=0)=0 and  ; the exponent®) is of the orderadx2/f~ SK2/%, while
a(t=0)=1. Divergence of trajectories leads to the exponenynq first term is of the orde® 5K2/%. Since Q1 for t
tial broadening of the packet, thus_(t)ocexp(—Z)\t). Since <21, and 2r,> r¢ in the intermediate regime, we may ne-
a<l for t>1/\, the wave packet in phase space becomegjact the second term relative to the first term within the
highly elongated with length= 7 (1+ %)/« and width  entire range < r¢ of validity of the Gaussian approximation.
|, =#ll. The parameteB=Ap/Ax represents the tilt angle Equation(6) thus simplifies to
of the elongated wave packig8]. The Gaussian approxima-
tion (5) breaks down at the Ehrenfest timg=3\"1|In#]| M = (aQ)¥2exg — Q(f8K)%/4]. 9)
whenl becomes of the order of the size of the system.

We assume thaty evolves according to Hamiltonian We seek the statistics oM (t) generated by varying
H(K) and ¢’ according toH'=H(K+ 6K). The overlap x;,p;. The statistics is nontrivial because fluctuation$ of

M=|(y'|)|? of the two Gaussian wave packets is the order of unity cause exponentially large fluctuationslin
B B if Q6K?/A>1, which is the case for 8 — re<t<7g. The
aa’ p( a(dp—BoX)?>  aa'ox? average oM is then dominated by the nodal lings(p) in
— exg — —— _T e . : ; ;
a2t 403 2(a’+ 4680 h ook phase space at whidhvanishes(at a particular time). If

©6) AX, is the typical spacing of these lines at constgnthen
the derivativedf/dx; at x,, is of order 1Ax, . This yields

in terms of the(weighted meana=(a+a')/2, B=(B a

. . ; N dx X— X, 2 QK2
+Ba’)(a+a'), and difference Sp=py—pg, X=X} |\/|=(aQ)l/2fA—eX —| 3 %
—Xo, §a=£'—ae, 6B=pB"—pB. In order of magnitude, %n Xn
6BI B=JSala=56K<1. The displacement vectorsX, sp) = (ahl SK2) V2= (\[r/5K)e M. (10)

has componem&uzﬁKeM parallel to the elongated wave
packets and component, = 6K perpendicular to thenfsee  Assuming independent fluctuations in tterturbation de-
Fig. 2. pendenk distribution of nodal lines and in the rate of diver-
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gence of trajectories for the individual Hamiltonian, we in- 2n
corporate fluctuations i in Eq. (10) via exp(—\t)—exp

(—N\4t), in accordance with Eq4). Hence, we recover the

exponential decay of the Loschmidt echt, although with

the exponeni 4 instead of\, (in agreement with the numer- p
ics of Fig. 1. The exponential decay sets in for27g

— 1, While for shorter timesM remains close to unitjQ].

The volume) of phase space near the nodal lines contrib- e
uting to M is of the orderV=(%/Q8K?)Y2. This volume 0 &
decreases exponentially in time fio 7y, reaching the mini-
mal value Vo= vA/oK<1 at 7o. For larger times,V in- FIG. 3. Two perturbed wave packets in phase spacerfett
creases saturating at a value of tPE order of unityzatWe, < re+ 27, The lines showp(x) (solid) and p'(x) (dashedl ex-
therefore, conclude that the averageis only representative tracted from the Husimi function evolved with the quantum kicked
for the typical decay, it> . For smaller times, the average rotator, forN=10°, K=7, 5K=0.1, n=>5. Dots show the crossing
is dominated by rare fluctuations that represent only a smafointsx; that contribute to the overlap in stationary phase approxi-
fraction of the chaotic phase space. mation.

To obtain an average quantity that is representative for a
typical point in phase space, we take logarithmic averages of (J/8K)e *e=#%/5K at 7¢. Both My and Mg are <1,

Eq. (9). Fort<r,, one has but Mg is exponentially small indK/7%, while Mg is only
algebraically small.
InM=—(5K?/%)exp(2\ _,t), (11 For t> 7z, one can use the semiclassical WKB descrip-
tion of elongated wave packets, along the lines of REZ].
InIn(TI\/I)= Ihot—In(A/8K2)+O(1). 12 The phase space representation of the wave funcfida

concentrated along the line on the torpk) of length |,

L = Ms ' . . .
(The coefficient\ _, in In M appears because we average the_ Vhe''>1, see Fig. 3. The funcﬂop(x) IS multlvalged

) Co and each branck has a WKB wave function with amplitude
square of displacemehtThe double logarithmic average ~1/1, and phaser. -
(12), given by the self-averaging Lyapunov exponagt is Pk~ 'l P k-
least sensitive to fluctuations and is representative for the ,
main part of phase space. The typical overlap thus has the p=2 k", py=doy/dx. (14)
double-exponential decay k

For 6K>17, the overlap of two oscillating wave functions
¢, of the form (14) may be found in a stationary phase
. approximation. The stationary points are given by the cross-
down to a minimal valudMo=exp(- K/h) att=7.  jpgg p(x;)=p’(x;) of the two linesp(x), p’(x) given by the
The initial decay(13) for t< 7, is the same as obtained in o\,qution with HamiltoniansH,H’. For re<t<rg+ 270,
Ref. [10] for the classical fidelit;(gjefined as the overlap of o humber of crossings, is proportional td; and indepen-
two classical phase space densitiés that problem, the role 4o of 5K This is because both the lateral displacement of
of # is played by the initially occupied volume of phase pandp’ and their relative angles are of the same ordiér

space. A superexponential decay of the classical fidelity h Fig. 3 have (= 20N...) Each : tributes t
also been obtained by EckhaidtL]. a<a£| w',% a,nv;emoi\rln H ) Each crossing contributes to

The origin of the decayl3) is illustrated in Fig. 2. For
t<ry, the wave packets are nearly paralldB<«), dis- - ) K(X_Xj)2 )
placed laterally by an amour, = 5K. Their overlap is an Pi=vp(xj)p (Xj)f dxexpi————+i¢;
exponential functioreexp(—A?/1%), where the width | of _
each wave packet decreases exponentially in tines M. =(e'%ill)VhlsK, (15

Hence, we obtain the double-exponential decay.
P y where k= d?(o— o) /2] = 5K andh = o(x;) o (x,).

For t> 1y (when 5ﬂ>§), the overlap of the two wave ) X
packets is dominated by their crossing poiqtp.. The The phaseg; varies randomly from one crossing to the other,

M =exy] — constx (5K ?/%)e? '], (13

overlap M =exp(—consix |x, — Xo| /I ﬁ) now increaseswith  €2ding to

time becauséjxe'. Since|x,—Xo|=A, /6B8=f, the cross- po N N

ing point falls outside the range of validity of the Gaussian M=—— > €& dl=——=__—g Mt (16
approximation unlesg|<1. The resul(10) is justified (be- |ﬁ5K ii'=1 oK 6K

cause it is dominated by nodes ©f, but we cannot use the i ) )
Gaussian approximation to extend the form(1a) for the Due to the large n_umber of crossings, there is now little
typical decay tot>r,. The typical decay and the average difference betweemM and logarithmic averages. For 7¢
decay become the same &, so the typicalM should in-  +27,, the number of crossings becomig= 5Klf. (The
crease from its minimal valud, at =, to the valueMg  distance between almost parallel segmentg’¢k) is of the
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order I, and the linep(x) crosses at the angleK about 0
oKl >1 segments per unit lengjhThis leads to saturation 0.02
of the overlap aM =#.

This completes our discussion of the intermediate regime
i< 5K<\/f. We conclude with a brief discussion of the two
other regimes. FobK > %, the longitudinal displacement
of the packets exceeds their lengths>1;. The logarithmic
averages now remain the same, buts changed. The domi-
nant contributions t are now given by the rare events for
which both A, and A; vanish. This leads toM .
= (fil SK?)e M! for t<27,. (The same Lyapunov decay as  FIG. 4. Decay of the average overlap for the quantum kicked
in the intermediate regime, but with a much smaller prefacfotator (K=10) in the golden-rule regime. We keef
tor) For 2r,<t<rg, the length of each wave packet re- =0.0230i5K)2 fixed by takingéK=1/N. Circles from bottom to
mains small} ;= JheM<1, but the displacement saturates atoP giveM for N'= 10%,104,10°,10°,4x 1. The inset demonstrates
the maximal vaIueA”:l. In this time range, the average thatn, scales with IrlN, as expected for the Ehrenfest time.

overlap has a plateau 8 =7/6K. Finally, for t>7¢, the

-0.04

-0.06

logoM(n)

-0.08
-0.1

-0.12

— et the squared overlapli(t) of two perturbed wave packets is
_~ Aqt
decay(16) M—_(_\/ﬂ5K)_e bis recovgred. exponential on an average, as obtained previo[#]y the

In the remaining regiméK <f:, we find from Eq(6) that hica| decay is double exponential. It is only after the
M(t) remains close to unity fot<rg, regardless of the pEprenfest time that the main part of phase space follows the

initial location of the wave packefThis also results in in- single-exponential decay 8fl. The Ehrenfest time has been
itivity to th f ingTh Iden-rul - T S ;
sensitivity to the way of averagingThe golden-rule decay heavily studied in connection with the quantum-to-classical

. — 2 .
[_5]’ W@ rateI'=(5K/#), sets in only after the Ehrenfest correspondencg5]. The role that this time scale plays in
time: M=exg —['(t—7g)] for t>7¢. These results are de- g nnressing statistical fluctuations has not been anticipated in
picted in Fig. 4. The golden-rule decay persists until they,ig large body of literature.
Heisenberg timet,,=1/4 or the saturation timd ~%|In),

whichever is smallerOnly the initial decay is shown in Fig. We acknowledge discussions with E. Bogomolny. This
4.) The Gaussian decdp] sets in fort>t,, provided that work was supported by the Dutch Science Foundation NWO/
SK<#3%2, FOM and by the U.S. Army Research Offi¢&rant No.

In summary, we have shown that statistical fluctuationdAAD 19-02-0086. J.T. acknowledges support of the Euro-
play a dominant role in the problem of the Loschmidt echopean Community’s Human Potential Program under Contract
on time scales below the Ehrenfest time. While the decay oNo. HPRN—-CT-2000-00144, Nanoscale Dynamics.
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